THEORY OF "HOT'" CRACKS

V. D. Kuliev and G. P. Cherepanov UDC 539.375

During the solidification of a welding seam, there sometimes develop in it so-called "hot"
cracks, leading to a defect in the article. An analogous phenomenon of the formation of "pits®
and voids in ingots is observed during the metallurgical process. There is considered below
a theoretical model, within whose framework the problem of the formation and development
of a hot crack can be solved. The solution of this problem permits comparing different ther-
mal conditions and selecting the most favorable. A statement of the problem is given and the
fundamental assumptions are formulated. A study is made of the kinetics of the growth of a
hot crack. The question of the asymptotic dimension of hot cracks with t -« is discussed,
and simple sufficient conditions are given, with whose satisfaction a hot crack is not formed.
A study is made of the development of a crack in the mathematically similar problem of
brittle failure from local heating.

1. Statement of Problem

At the initial moment of time, in contact with a solid metal having some constant temperature T =0,
let there be a melt which solidifies instantaneously, so that, at the initial moment, its temperature is con-
stant and equal to T=T,. As a result of the solidification of the hot metal, elongational stresses develop
in the region occupied by it, since, at the contact boundary, the metals are assumed to be rigidly welded.
With the passage of time, the elongational stresses rise, bringing about a growth of the initially most -
dangerous crack or of some equivalent defect. With t — o, the residual stresses and the dimension of the
hot crack will be maximal.

We shall assume that the metals are thermoelastic bodies, so that all the plastic effects will be con-
centrated only in small regions near the contour of the crack. In this case, the problem posed with respect
to the development of a hot crack can be solved within the framework of the mechanics of brittle failure [1j.

We infroduce also the following assumptions: a) all the thermoelastic constants are independent of
the temperature and are identical for both cold and hot metal; b) the metals are homogeneous and isotropic
bodies; c) these metals are in a plane state of stress (a thin plate). These assumptions are not of a funda-
mental character; however, they permit finding a simple effective solution to many practically important
problems, and bringing out some of the fundamental qualitative effects. As is well known, the solutions ob~
tained can be used also for the case of plane deformation, if the elastic coefficients are replaced.

Let us formulate a simplified problem. At the moment t =0, let an arbitrary region S in an infinite
homogeneous and isotropic elastic plate be instantaneously heated to a constant temperature T =T,. The re-~
maining part of the body has the temperature T= 0 with t=0. At the boundary of the region S, there is no
discontinuity of the displacement; this corresponds physically to a replacement of the region S by a heated
disk of exactly the same dimensions, It is required to determine the development of the initial crack with
time. The displacements, the stresses, and the principal vector of the forces (as well as the rotation) at
an infinitely distant point are assumed equal to zero,

2. Kinetics of the Growth of a Hot Crack

In the above statement of the problem, let the region S be a rectangle with the sides 2 x; and 2 y;.
We take the origin of the Cartesian coordinates x and y at the center of the rectangle, and we direct the x
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y ¢ axis parallel to that side whose length is equal to 2 x, (Fig. 1). Let
an initial crack of length 2 ] be disposed along the x axis, with its .
center at the origin of coordinates. The sides of the crack are free
T=7, T=0 of external loads. For the present problem, with an accuracy of
approximately 10%, the coefficient of the intensity of the stresses at
the end of the crack holds also for the case where the boundary of
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K L z the body is free of external loads along the y axis.
The order of the solution of the problem will be the following.
Fig. 1 The temperature field is determined first; then, the stress o with

y=0 |x| < 1 is found from the equations of thermoelasticity for a body
without a crack; this stress, with the opposite sign, is substituted

into the well-known general expression for the coefficient of the intensity of the stresses in the case of an
isolated crack and of an isothermal process. The dependence of the constant K on the temperature outside
of the interval of cold brittleness can be interpolated using the following linear function:

K.=Kp+ AT (1,0, 1) @.1)

where K is the constant K, with T=0; A is some empirical constant. Equating K =K, in accordance with
the Griffiths—Irvin condition we obtain in implicit form the sought dependence of the length of the crack on
the time.

The solution of the bouhdary-value problem

02T T 1 8T
W"“W:TW (— oo <z, y <+ )

2.2)
T={§°=c°n8t gi;g with £ = 0 (
will be the following [2]:
reno % o (575) - (G |2 + 2 (5
(2.3)

Erf(z) = —‘72-;_- S exp (— u?du

where a is the coefficient of thermal diffusivity.

The coefficients of the stress tensor Oy Oy, Txy are expressed in terms of the thermoelastic poten-
tial of the displacements ¥ in the form [2]

se=—26 27 5, = — 2627, 1y =26 5p 2.4)
AY = (1 + v)aT (2.5)
where G is the shear modulus; v is the Poisson coefficient; « is the coefficient of linear expansion.
Differentiating (2.5) with respect to t, and taking account of (2.2), we obtain
AI9¥ [ 6t — (1 + v)aaT]l =0 (2.6)

As can be seen, the function 5¥ /8t — (1+ 1) @aT is harmonic over the whole plane and, consequently,
can be either a constant quantity or some function of the time g (t). With destroying the generality, the
function g (t) can be assumed equal to zero, since, instead of the potential ¥, the following potential can be
introduced

t

=Y Sg(r)d'c

Thus, an equation is obtained for the potential

0¥ /ot = (1 + vyaaT
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Integrating it leads to the formula

t

¥=1-+v)oa STdt 4+ Wy (z, ¥) -7
0 .
where ¥ (%, y) is the potential of the displacements corresponding to the initial temperature, i.e.,
AY, = (1 + v)aT, inside of S, AW, = 0 outside of S,
From this we obtain
%2, ) = — L5V (- dtan, R=VE—T F G— (2.8)
S
Using (2.3), 2.7), (2.8), and (2.4) we {ind
GTy (1 —
6y = —————04(];4)&{4 Vau(y) + 7= [arctg(iizz) —}—arctg(iﬁ_i’)
i
Yo — 1y Yo-+y ! (754-%)\ {0 — 2 v+ (2.9)
L arctg (m —l—x) + arctg( z)] § Ve [(z —+ o) exp( S - (zg — x) eXDp ( e )][Erf( 5 VE>+
— 1 (z,ye=S)
Yo—y _
er(270)] 47 xen={ o (@ yes
Since the coefficient of the intensity of the stresses for an isolated crack is
!
. 1 . I+«
KI == VE[T Sl‘)y(xv 0? t)V | —x d
then, using (2.9), we find
GTo(t +v) 2 ¢ \ T+E
_ 0 v)a 2 . + B
KI—_——_V'H {nl+ = El[arctg( )—l—arctg( i/]]/l—i dg
LG E+mp (20— £ = 2100
— To _(®o— 14§
e 6t roexn(— EE2E) 4 oy — Bexp [~ 22| Bt (57=) ) T ae]
With t — «, we have
Ki=GT,(1 +-vaVal (2.11)
In accordance with (2.11) the length of the hot crack formed is
K2
lo = < with t— > (2.12)

1w [GTo (1 +vyal?

It is assumed that the crack does not go beyond the region S.

For any given moment of time, on the basis of the criterion of local failure, K1=Kg, and (2.1), (2.10),
we find

Koo {1 44 L Er f<2 ;"Et_) [Erf ( ;;;) + Erf (’” 17_15 )]} — Ki(l, 8) (2.13)

Here the first part is determined by formula (2.10). Figure 2, in the dimensionless variables [, =
/1, andt, =4 at/xo gives curves 1, 2, 3 for the kinetics of the growth of a hot crack, plotted using Egs.
(2.10) and (2.13), for the following values of the parameters: x,=y,= I, A =Kgy / Tys Kgo/ 2Ty, 0, respec-
tively. We note that the calculations were made in a BESM-4 digital computer in a few minutes.

3. Asymptotic Dimension of Hot Cracks

We first prove a theorem from the theory of thermoelasticity for an arbitrary singly connected re-
gion 8.
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THEOREM. With t=0 let
,//-——— T (z, y, 0) = T, inside of S, T (z, y, 0) = 0 outside of S, (3.1)
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Z Then, witht — Oy=0x=—G (1+ 1) aT,, Tx, y=0 inside
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i 3/ of 8.
Proof. The solution of the equation of thermal con-

/ tx ductivity (2.2) satisfying conditions (3.1) has the form

7.2
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S

Fig, 2 (3.2)

Analogously to what has gone before, using (2.5)-(2.8) we find the potential
1
W (z, y, t) = QJ%W—TO{S =1 [SS exp (— R?/4av) i dn] dv — 285 In (%) d5 dn} (3.3)
0 Ff 5
Since the contour of the region S does not depend on the time t, we obtain

¥ (2, y, t) = i%%‘f—"—sss [S—:—eXp (— R*/4at)dv — 2In (7‘?.)] dt dn (3.4)

Using (2.4) we find the stresses inside of S

t
8= —G(1 +~)aT, — LUIVTe SS 2= Ll N S (@ — B — 2av] exp (— B?/ av) dt} dg dn
S 0

4
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Sy =—G1 +v)al, — a t::’) oTo SS {2 @ F,)zm(y Ui 4+ S 4:214 (y—m)? — 2av]exp (— R?/4av) d‘l:'} dtdn
S b

t
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1]

Calculating the internal integrals in formulas (3.5) we have
6y = — G (1 + v)aT, {1 1+ %SS% [(y — ) — (¢ — B)* + 2 (¢ — E)*T'(2, R/ 4at) — RPexp (— R /4at)] dgdn}
S

on=— G+l ft + -\ Zle -8 — G~ + 20— T @ R/ 4an) — Rrexp(— R dat) Ak dn}
S

I

__ta +v)aToSS4(z—24(y—")[1 ~T'(2, R /4at)] dE dn

Ty 21

oo

T(a, 2)=\ eto1dt (3.6)

x

Since TI' (2, R%/4at) —1 with t — «, then, passing to the limit witht — « in (3.6), we obtain
o’y:o'xz—-G('l—l—’V)aTo,Txy:O (3.7)

Thus, in the region 8, with t — = the residual stresses create a state of isotropic uniform elongation.
note that bilateral elongation promotes brittle failure to a greater degree than unilateral elongation [1].

The theorem proved permits finding the asymptotic dimension [, of a hot crack with t — « for the
itrary region 8; this dimension, as before, is obviously given by formula (2.12), under the sole condition

that the crack does not go beyond the region S. It follows from this that, if the length of the initial crack

2L,

is smaller than 2/, i.e., if the following condition is satisfied

Ly<K2/nlGTy(1 + v) o] ? (3.8)

then, the initial crack does not develop. Formula (3.8) furnishes a simple sufficient criterion; when it is
satisfied, a hot crack is not formed. We note that the characteristics of the material ]; and K, in (3.8) cor-
respond to solidified metal with T =0.
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4. Brittle Failure From Local Heating

With t =0, let a discontinuity of the normal displacement arise
at the boundary of the region S, corresponding to the instantaneous
heating of the disk S up to the temperature T,, if, before heating, the
disk was inserted without clearance (the temperature of the remain-
ing part of the body is equal to zero with t=0). As a result, elonga-
tional stresses arise in the body outside of the region S, which can
lead to the formation of a crack. The stresses in the disk will be

Fig. 3 compressive. With t — «, in this case the stresses in the whole
body will obviously tend to zero. With t=0, the stresses will be
greatest; here a state of isotropic uniform compression is set up in the disk

6y =0, = — G (1 4 v)aTy, Try — O witht = 0
v no ' 4.1)

It is evident that in this case a crack is formed instantaneously, and then does not develop further.

The above~described mechanism of brittle failure is typical for the local heating of an unbroken
material (for example, the formation of a crack in a thick-walled glass when hot water is poured into it
suddenly).

In a majority of practically important cases, for brittle materials the length of a crack forming as a
result of local heating is far greater than the characteristic linear dimension of the region 8. In this latter
region, a simple asymptotic method, based on the "microscope principle® can be used to solve the problem

[1.

We postulate that at the points A and C cracks go out toward the contour of the region S (Fig. 3). For
simplicity we assume that the region S is symmetrical with respect to the x and y axes. Stresses (from the
side of the disk) determined by formula (4.1) will be applied to the boundary of the region S.

Let us determine the dimensions of asymptotically large cracks. On the basis of the microscof)e
principle [1], used in this case, when the linear dimensions of the region S are small in comparison with the
length of the crack (or with its radius, in the axisymmetric case), we arrive at the following singular
problems.

Plane Problem. To the opposing sides of a rectilinear through crack of length 2], existing in an infi-
nite plate, let there be applied the directed concentrated forces P; the force P acts in the middle of the
crack, perpendicularly to its surface, At infinity there is no stress. Using (4.1), we find the principal
vector of the loads applied to the arc ABC from the side of the heated region S (see Fig. 3)

P=G{1+v)al, g cos(n, y)ds =G (4 4~ v) aToL (4.2)
ABc

where L is the length of the projection of the arc ABC on the x axis.
In the case under consideration, the coefficient of the intensity of the stresses [1]} is
Ki=P/nV20 (4.3)
In accordance with the criterion of local failure, the length of a brittle crack is determined by the
condition K=K, Le.,
K, =P/ay2l 4.4)

From this we find the length of asymptotically large cracks

.t [G(1+v)aToL ]2 4.5)

2 K,

Axisymmetric Problem. Let some region V, baving three planes of symmetry, be heated instanta-
neously to a temperature T, at the initial moment of time. As a result of instantaneous brittle failure, a
disk-shaped crack is formed and, in the most frequently encountered case, when its radius is great in
comparison with the dimension of the region V, on the basis of the microscope principle [1] we arrive at
the following problem.
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To the opposing surfaces of a round disk-shaped crack of radius R, located in an infinite body, let
there be applied the equal and oppositely directed forces P; the force P acts along the axis of the round
disc-shaped crack. Inthis case, we obviously have

P =G +v)aT,\{ (0.d8) = 6 (1 +v)aT\S, @.6)
where §; is the area of the projection of the boundary of theregionV on the plane of the crack.
The coefficient of the intensity of the stresses is [1]
, Ki = P/(nR)" @.7)
Using the criterion of local failure KI=KIC= we find the radius of the disk-shaped crack
R=a"[G( +v)al oS,/ K 4.8)
For example, in the case of an ellipsoidal region V, we have
So=4ab, B = x"1[4G (1 - v) 0abTy/ K] “4.9)

Here a and b are the principal semi-axes of the elliple in a cross section of the ellipsoid of a disk-
shaped crack.
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